
7KH�3DUWRQ�0RPHQWXP
'LVWULEXWLRQ�LQ�WKH

1XFOHDU�',6�5HJLRQ�DQG�WKH�(26
-DFHN�5R]\QHN��,16��:DUVDZ

6DQWD�)H�����



(26�LQ�1-/

� SLRQ�PDVV�LQ�WKH
PHGLXP�LQ�FKLUDO
V\PPHWU\�UHVWRUDWLRQ

� 1XFOHRQ�PDVV�LQ�WKH
PHGLXP

%HUQDUG�0HLVVQHU�=DKHG�35&�������

����������(0&�HIIHFW



5HODWLYLVWLF�0HDQ�)LHOG�3UREOHPV
,Q�VWDQGDUG�50)�HOHFWURQV�ZLOO�EH
VFDWWHUHG�RQ�QXFOHRQV�LQ�DYHUDJH
VFDODU�DQG�YHFWRU�SRWHQWLDO�
[αS��   β(0�86�����H��89)]ψ=0

ZKHUH�86 �J6��P6ρ6 89� �J9��P9ρ

86��� ����0H9ρ/�ρ0

89� ����0H9ρ/ρ0



5HODWLYLVWLF�0HDQ�)LHOG�3UREOHPV
,Q�VWDQGDUG�50)�HOHFWURQV�ZLOO�EH
VFDWWHUHG�RQ�QXFOHRQV�LQ�DYHUDJH
VFDODU�DQG�YHFWRU�SRWHQWLDO�
[αS��   β(0�86�����H��89)]ψ=0

ZKHUH�86 �J6��P6ρ6 89� �J9��P9ρ

86��� ����0H9ρ/�ρ0

89� ����0H9ρ/ρ0

*LYHV�WKH�QXFOHDU�GLVWULEXWLRQ�I�\�
RI�ORQJLWXGLQDO�QXFOHRQ�PRPHQWD
S� \0$

I�\�� �I�\�µ)

µ − QXFOHRQ�FKHPLFDO SRW�
6WURQJ�YHFWRU�VFDODU�FDQFHODWLRQ



5HODWLYLVWLF�0HDQ�)LHOG�3UREOHPV
,Q�VWDQGDUG�50)�HOHFWURQV�ZLOO�EH
VFDWWHUHG�RQ�QXFOHRQV�LQ�DYHUDJH
VFDODU�DQG�YHFWRU�SRWHQWLDO�
[αS��   β(0�86�����H��89)]ψ=0

ZKHUH�86 �J6��P6ρ6 89� �J9��P9ρ

86��� ����0H9ρ/�ρ0

89� ����0H9ρ/ρ0

*LYHV�WKH�QXFOHDU�GLVWULEXWLRQ�I�\�
RI�ORQJLWXGLQDO�QXFOHRQ�PRPHQWD
S� \0$

I�\�� �I�\�µ)

µ − QXFOHRQ�FKHPLFDO SRW�
6WURQJ�YHFWRU�VFDODU�FDQFHODWLRQ



(IIHFWLYH�0DVV�LQ�50)
� :���1XFOHRQ�EDUH�PDVV�LQ�WKH

:DOHFND�PHDQ�ILHOG�DSSURDFK

� �=0���FRQVWUXFWHG�E\�FKDQJLQJ�RI
FRYDULDQW�GHULYDWLYH�LQ�:�PRGHO�
/DQJUDQJLDQ�GHVFULEHV�WKH�PRWLRQ
RI�EDU\RQV�ZLWK�HIIHFWLYH�PDVV�DQG
WKH�GHQVLW\�GHSHQGHQW�VFDODU
�YHFWRU��FRXSOLQJ�FRQVWDQW�
=0���=LPDQ\L�0RV]NRZVNL



5HODWLYLVWLF�0HDQ�)LHOG��	��(26
TXDUN�FRQGHQVDWH���TT!P�LQ�WKH�PHGLXP�����

� 'HOILQR��&RHOKR��0DOKHLUR



































−−

−−++

++−−

−−==
>><<
>><<

2

2

2

2

2

2

2

2

22
)()1(

)(

1 *

*

ρρ

ωω

ωω

σσ

σσαα

σσ

σσ

ππππ

σσ

m

g

MM
Mg

m

MM
g

m

fm
NN

N

NN

qq

qq
Nm

fm

eff

qq

qq

22
1

ππππ

ρρ σσρρ −−==
>><<
>><<

0     IRU��α=1   (ΖΜ PRGHOV��TT!P



'HHS�LQHODVWLF�VFDWWHULQJ

fixedMQxMxq

qQQvq

ScalingBjorkenxFqWM

qWqqMpqqMvp

MqWqqqgW

pJJpedW

pJxxJprqpW

Wld

T

T

v

iq

x

→=−−=

−=+−=

←=

−−

+−−=

≈

−+=

=

→∝

∫

∑

ννν

ν

νν

νν

ν

ξξ

δ

σ

ν

ννµµ

µ

µνµν

µνµν

ξ

µν

µνµνµν

µν

µν

200

00

1

0

00

2

2222

2

2

2

2

2

22

22

1

2

4

/),,,(

),,,,(

)(),(lim)/(

),())/()()/((

/),()/(

)()(

)()()(



+LW�TXDUN�KDV�PRPHQWXP�������M��� �[���S��
([SHULPHQWDO\([SHULPHQWDO\����[� [� 
DQG�LV�LWHUSUHWHG�DV�IUDFWLRQ�RI�ORQJLWXGLQDO�QXFOHRQ
PRPHQWXP�FDUULHG�E\�SDUWRQ�TXDUN��IRU�ν�� >4 � −> οοο

2Q�OLJKW�FRQH�%MRUNHQ�[�LV�GHILQHG�DV�������[�� �M���S�

����������ZKHUH��S�� S�����S]

H
S U�HPQDQW�

4���ν

4���0

'�,�6
M

ν



�

�����������������(0&�HIIHFW
�+LVWRULFDOO\��UDWLR
5�[��� ��)�$�[���)�1�[�

7KUHH�DSSURDFKHV�WR�LWV�GHVFULSWLRQ�
[

3LRQ
H[FHVV



�

7KUHH�DSSURDFKHV�WR�(0&�HIIHFW
�
♠�LQ�WHUP�RI�QXFOHRQ�GHJUHHV�RI�IUHHGRP�WKURXJK�WKH�QXFOHDU
VSHFWUDO��IXQFWLRQ����QRQUHODWLYLVWLF�RII�VKHOO�HIIHFWV�
������*�$�0LOOHU	-��6PLWK��2��%HQKDU��,��6LFN��3DQGDULSDQGH�(�2VHW
�♣♣��LQ�WHUPV�RI�TXDUN�PHVRQ�FRXSOLQJ�PRGHO
�����PRGLILFDWLRQ�RI�TXDUN�SURSDJDWLRQ�E\�GLUHFW�FRXSOLQJ�RI�TXDUNV
WR��QXFOHDU�HQYLURYPHQW
�$�7KRPDV�$GHODLGH�-DSDQ�JURXS��0LQHR��%HQW]��,VKLL��7KRPDV��<D]DNL�������

♥♥���E\�WKH�GLUHFW�FKDQJH�RI�WKH�SDUWRQLF
�����SULPRGLDO�GLVWULEXWLRQ�
�����6�.LQP��5�&ORVH
�����6HD�TXDUNV�IURP�SLRQ�FORXG�
������*�:LON�-�5��



7RGD\
� :H� ZLOO� VKRZ� WKDW� LQ� GHHS
LQHODVWLF� VFDWWHULQJ� WKH
PDJQLWXGH�RI� WKH�QXFOHDU�)HUPL
PRWLRQ� LV� VHQVLWLYH� WR� � UHVLGXDO
LQWHUDFWLRQ� EHWZHHQ� SDUWRQV
LQIOXHQFLQJ� ERWK� WKH� 1XFOHRQ
6WUXFWXUH�)XQFWLRQ

� DQG�QXFOHRQ�PDVV�LQ�WK�10
� ���������������0%��[�

� 5HODWLYLVWLF�0HDQ
)LHOG�SUREOHPV

� 3ULPRGLDO��SDUWRQ
GLVWULEXWLRQV

� %MRUNHQ�[�VFDOLQJ�LQ
QXFOHDU�PHGLXP

)�1�[�



&KDQJH�RI�QXFOHRQ�SULPRGLDO�GLVWULEXWLRQ
LQVLGH�PHGLXP

� *DXVVLDQ�GLVWULEXWLRQ
RI�TXDUN�PRPHQWD��M

� 0RQWH�&DUOR
VLPXODWLRQV

� SLRQ�FORXG��PDVV�
UHQRUPDOL]DWLRQ
PRPHQWXP�VXP�UXOH

� 3URWRQ
� :LGWK������*H9
� 3LRQ������ZLGWK�����0H9
� 1��� �����
� ������,1�0(',80
� 3URWRQ
� :LGWK��������*H9
� 3LRQ������ZLGWK� ��0H9
� 1��� �����

�����M�T������:��
����U����:

:���LQYDULDQW�PDVV



3ULPRGLDO�'LVWULEXWLRV�DQG�0RQWH
±&DUOR�6LPXODWLRQV

� &DOFXODWLRQV�IRU�WKH�UHDOLVWLF
QXFOHDU�GLVWULEXWLRQV

( )

1

3

3
1

2

5.1

021.0

76..

________________________________

)(

)()(

%12

050.0

172.0

−

−

=

=

=

>=

≈

+=

=

=

=

fmp

fm

AfmN

BLettPhys

EiZabolitsky

ppforeNpN

A

pNpNpN

N

GeV

GeV

C

C

C
p

Ctail

tailmf

ex

N

β

ω

σ

σ

β

π

7KH�&KDQJH�RI�WKH�SULPRGLDO
GLVULEXWLRQ�LQ�PHGLXP



5HVXOWV



5HVXOWV

ZLWK�*��:LON�3K\V�/HWW��%����������������



1XFOHDU�'HHS�,QHODVWLF�OLPLW

Fermi

2

1

e

1

−+≅

+=+≡=∑ =

+

ε

ε

NB

BN
A

nA

i Ai

MM

pMM
A

M
j

A



1XFOHDU�'HHS�,QHODVWLF�OLPLW

Fermi

2

1

e

1

−+≅

+=+≡=∑ =

+

ε

ε

NB

BN
A

nA

i Ai

MM

pMM
A

M
j

A



1XFOHDU�'HHS�,QHODVWLF�OLPLW

Fermi

2

1

e

1

−+≅

+=+≡=∑ =

+

ε

ε

NB

BN
A

nA

i Ai

MM

pMM
A

M
j

A

%XW�WRR�PXFK�SLRQV



50)�IDLOXUH���	
:KHUH�WKH�QXFOHDU�SLRQV�DUH

� 0�%LUVH�3/%�������������-5�,-03��������*�0LOOHU��-�6PLWK�35�������
� *(�%URZQ��0�%XEDOOD��/L��:DPEDFK���������%HUWVFK��)UDQNIXUW��6WULNPDQ



] �IP

7ZR�UHVROXWLRQV�VFDOHV�LQ�GHHS
LQHODVWLF�VFDWWHULQJ

�������������
��������4���������→�FRQQHFWHG�ZLWK�YLUWXDOLW\
RI�γ�SUREH��

������$�3�HYROXWLRQ�HTXDWLRQ���ZHOO�NQRZQ�
�
�
�������0[�� �]�→GLVWDQFH�KRZ�IDU�FDQ
SURSDJDWH�WKH�TXDUN�LQ�WKH�PHGLXP�

������T��� [��0
�����)LQDO�VWDWH�TXDUN�LQWHUDFWLRQ���QRW
NQRZQ�

)RU�[ ��������] �IP

�
�

�
�
�



1XFOHDU�ILQDO�VWDWH�LQWHUDFWLRQ



1XFOHDU�ILQDO�VWDWH�LQWHUDFWLRQ

]�[�



1XFOHDU�ILQDO�VWDWH�LQWHUDFWLRQ

]�[�

(IIHFWLYH�QXFOHRQ�0DVV��0�[� 0��]�[����U&��U1��
�����������������������������������������������������������-�5��1XFO�3K\V�$�LQ�SULQW

U1���DY��11�GLVWDQFH
�U&���QXFOHRQ��UDGLXV

����LI��]�[��!�U1
����0�[�� �01

������LI��]�[����U&
����0�[�� �0%



0�[��	�LQ�50)�VROXWLRQ
�WKH�QXFOHDU�SLRQV�DOPRVW�GLVDSSHDU

1XFOHDU�VHD�LV�HQKDQFHG�LQ�QXFOHDU
PHGLXP���SLRQV�KDYH��ELJJHU�PDVV
DFFRUGLQJ�WR�FKLUDO�UHVWRUDWLRQ�VFHQDULR
������%87�DOVR�FKDQJH�VHD�TXDUN
�������FRQWULEXWLRQ�WR�QXFOHRQ�6)
�UDWKHU�WKHQ�DGGLWLRQDO��QXFOHDU��SLRQV
DSSHDUV

%HFDXVH�RI�0RPHQWXP�6XP�5XOH�LQ�',6

7KH�SLRQV�SOD\�UROH�UDWKHU�RQ�ODUJH�GLVWDQFHV"



5HVXOWV



5HVXOWV
)HUPL�6PHDULQJ



5HVXOWV
)HUPL�6PHDULQJ

&RQVWDQW�HIIHFWLYH
QXFOHRQ�PDVV



5HVXOWV
³QR´�IUHH�SDUDPHUHUV

)HUPL�6PHDULQJ

&RQVWDQW�HIIHFWLYH
QXFOHRQ�PDVV

[�GHSHQGHQW��HIIHFWLYH
QXFOHRQ�PDVV

ZLWK�*��:LON�3K\V�5HY��&���������



'UHOO�<DQ�&DOFXODWLRQV



&RQFOXVLRQV
� *RRG�ILW�WR�GDWD�IRU�%MRUNHQ�[!����E\�PRGI\LQJ�WKH�QXFOHRQ

PDVV�LQ�WKH�PHGLXP���a���0H9�GHSOHWLRQ��FRUUHFW�WKH�(26
IRU�10��$OWKRXJK�VXFK�VXEWOH�FKDQJHV�RI�QXFOHRQV�PDVV�LV�GLIILFXOW�WR�PHDVXUH
LQVLGH�QXFOHDU�PHGLXP�GXH�WR�ILQDO�VWDWH�LQWHUDFWLRQ�WKLV�UHGXFWLRQ�RI�QXFOHRQ�PDVV
LV�FRPSDWLEOH�ZLWK�UHFHQW�REVHUYDWLRQ�RI�VLPLODU�UHGXFWLRQ�LQ�'HOWD ��LQYDULDQW
PDVV�LQ�WKH�GHFD\�VSHFWUXP�WR��1�3LRQ�
7�0DWXOHZLF]�(XU��3K\V��-�$��������

� 025(�PRPHQWXP��LV�FDUULHG��a����RQO\��E\�VHD�TXDUNV
��QXFOHDU�SLRQV��GXH�WR�[�GHSHQGHQW�HIIHFWLYH�QXFOHRQ�PDVV
VXSSRUWHG�E\�'UHOO�<DQ�QXFOHDU�H[SHULPHQWV�

� ,QFUHDVH�RI�WKH��ÄDGGLWLRQDO�QXFOHDU��SLRQ��PDVV´����PHDQV
WKDW�QXFOHDU�GHQVLW\�LV�DERXW���WLPHV�VPDOOHU�WKDQ�FULWLFDO��

� [�±�GHSHQGHQW�FRUUHFWLRQ�WR�WKH��������������GLVWULEXWLRQ><kT

2



[�GHSHQGHQW�QXFOHRQ�HIIHFWLYH�PDVV
� �LW�LV�SRVVLEOH�WR�VKRZ�WKDW�LQ�',6�����N7�!����0�

〉〉〈〈〉〉〈〈 22
/ TMediumT kk

,Q�WKH�[!����OLPLW
�QR�11�LQWHUDFWLRQ�
�N7�!�1XFOHDU ��N7�!�1XNOHRQ

%DUWHOVNL�$FWD�3K\V�3RO�%��������



'HSHQGHQFH�IURP�LQLWLDO
LQ�S�$�FROOLVLRQ

2
kT

;�1��:DQJ�3K\V��5HY�&�������


